W = stream function

Subscripts

i = at interface

] = at edge of thick boundary layer
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A Modified Maximum Principle

While the maximum principle of Pontryagin remains
as the standard theoretical development for optimal con-
trol, the implementation of the theory to even modestly
realistic systems remains a most difficult problem. This is
because of the generation of two-point-boundary value
(TPBV) equations which are, when combined with
special instability features, almost impossible to solve
except in trivial cases.

In this note we wish to point out a modified form of
the maximum principle as detailed by Chuprun (1967)
which removes the instability feature. As such, it opens
the door further for the use of the maximum principle in
optimal control problems.

THEORY

In one form of the maximum principle (Lapidus and
Luus, 1967) the optimal control problem consists of a
state equation and initial condition

2(t) = flx(t), u()] (1)
x(0) =b (2)

a final value index
S = cx () (8)

and the object is to select the control «(¢) such that S is
minimized while satisfying the constraints of (1) and (2).
t; is the final time of control and these equations can be
visualized in scalar or vector-matrix form depending on
the various dimensions.

The maximum principle proceeds by introduction of a
scalar Hamiltonian function

H=1 (4)

with the resulting conditions for optimality
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x=H\=f x(0) =b
(5)

A= —H,= —f:h AMiy) = —c
H,=0 (6)

Here A(t) is a new variable (the adjoint variable) which
has been introduced and the condition of a stationary
value of H (given by dH/du = H, = 0) yields the
optimal control u®(¢). In the regular problem (6) yields
u®(t) in terms of x(¢) and A(¢); in the singular problem
(6) does not yield u°(¢) and further information must
be obtained. We here only consider the regular problem
in which case the TPBV of (5) must be solved in order
to remove the dependence of x(¢) and A(t) in u°(%).

In solving (5) it is frequently found that when x(t) is
stable in a positive time direction A(t) is unstable in the
same direction (and vice-versa). It is important to realize
however, that it is the direction of the adjoint equations
as vectors in coordinate space and not their actual magni-
tude which is of importance. As indicated by Sagan
(1969) 1 (t) need only be determined but for a multipli-
cative constant. This property will be used to advantage
shortly.

Chuprun’s method consists of replacing the adjoint
variable A (¢) with a new variable p(¢) such that

H=fp (7)
and
p=—fup+elpt)y (8)

where e(p, t) is a scalar function (in general, nonlinear).
He then proves that (8) and the second equation in (5)
have identical directions for all times # and thus can be
used interchangeably without altering the results of the
standard maximum principle. Further he shows that as
long as e(p, t) is chosen carefully, the solution of (8)
must remain on a sphere of constant radius, and (8) can
be made stable or bounded in the positive time direction.
In simple geometric terms, the introduction of e(p, t)
means that the normal velocity component of the repre-
sentative point in phase space varies while the tangential
component remains constant. It is also apparent that the

AIChE Journal (Vol. 19, No. 3)



condition on p at ¢ = #; is the same as A(#;) except for an
arbitrary multiplicative constant.

The only question left is to choose the explicit form for
e(p, t). Chuprun presents five such forms of which we

merely quote
) PsPp

: 2 (9)

> > (2

p=0 s

e(p,t) =

where n + 1 is the total number of states used in any
augmented system equation. In the form (9) the sum
of squares of the coordinates of any solution of p(t) is
invariant with time, that is,

2 p2(t) = constant (10)
i=0

The constant may be obtained from the boundary condi-
tions p(ty) as illustrated shortly.

NUMERICAL EXAMPLES

To indicate the computational feasibility of the present
approach we consider two problems. The first is given
by Lapidus and Luus (1967) on pages 94 to 96 for the
effluent tracer flow from a CSTR; the pertinent equations
are

. 1
xo(t) = —2— [x®+ u?] = fo %(0) =0

2ty = —x +u="Hf x1(0) = given

S = xo(tf) (11)
Ao(t) = 0; x(t) = 1.0 o(ts) = 1.0
M) = =Xy + N M(t) =0

The second problem is the optimal temperature profile in
a plug flow tubular reactor with first-order consecutive
reactions as detailed by many workers, including Rothen-
berger and Lapidus (1967); the pertinent equations are

ky ko

A——>B——C ki = kje EV/RT

%1 (t) = —kxy x1(0) = given

Za(t) = kyxy — koxa %2(0) = given

S = x,(t;) (12)
A (8) = kg — kahg M) =0

Ao (t) = korg A2(t) = 1.0

All of the derivations and parameters for these two
problems are given in the references indicated and will
not be repeated here.

Problem 1

This problem is a relatively simple one which involves
two state variables x¢(#) and x,(¢) and a single control
variable u(t). As shown by Lapidus and Luus the solu-
tion for u°(¢) can be obtained in analytical terms since
the canonical equations are linear. In the use of Chuprun’s
method Bertucci (1971) has shown that for e(p,t)
chosen as in (9) such that explicitly

p® — X1pop1

po* + pi® (18)

6(p, t) = -
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there results (using u®(#) = —pi/po as obtained from

H, = 0)
% (t) = —x1 — p1/po x1{0) = given
po(t) =e(p, t)po po(t;) = an arbitrary
constant
(14)
p1(t) = pox1 + p1 + €(p, t} p1 m () =0

In this case (14) contains three nonlinear canonical
equations instead of the two linear canonical equations
resulting from (11). Obviously a numerical solution must
be obtained rather than an analytical one. However, this
is not important since in a more complex problem no
analytical solution will ever be possible.

To carry out the numerical solution a simple forward
time marching procedure was used. Note that from (10)
only one initial condition need be determined as initial
boundary conditions. The results obtained by Bertucci
completely confirm the stability of the modified adjoint
equations in the forward time direction and the attainment
of exact optimal control (conversely \i(t) is completely
unstable in the forward time direction).

Problem 2

Here the problem is again a two-state variable system
with one control variable. The system equations are
however nonlinear as contrasted to those of Problem 1.
As shown by Bertucci once again the use of Chuprun’s
method yields identical numerical results as those obtained
by other authors but by using a direct forward time inte-
gration of the canonical equations. Further, the computa-
tion time seems much shorter by the present procedure
than by the alternate direction methods of the reference.

SUMMARY

This communication has pointed out that by the use
of Chuprun’s modified maximum principle it is possible to
remove the stability problem usually associated with the
adjoint equations in optimal control systems. Implementa-
tion of these modifications is quite simple and suggests
that the method has much promise. The extension to
constraints in the state and control variables would seem
a natural next step.
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